UDC 517.9
Starting from results and ideas of S. Lie and E. Cartan, we give a systematic and geometric treatment of integrability by quadratures of involutive systems of vector fields, showing how a generalization of the usual multiplier can be constructed with the aid of closed differential forms and enough symmetry vector fields. This leads us to explicit formulas for the independent integrals.
These results allow us to identify symmetries with integral invariants in the sense of Poincar~ and Cartan.
A further (new) result gives the equivalence of integrability by quadratures and the existence of solvable structures, these latter being generalizations of solvable algebras.
i. Introduction.
This note has its root in an article by Lie concerning the grouptheoretical foundations of Jacobi's last multiplier, and a generalization of this multiplier to involutive systems of vector fields [i] . Subsequently, Cartan discussed the integration of a Pfaffian equation in which the multiplier appeared as an integrating factor -that is, it made artain exterior form closed [2, p. 93 Moreover, a geometrical treatment of Lie's generalization has not been given previously. This is one reason for this note. A further motivation is that recent work on the integrability by quadratures of linear first-order partial differential equations [4] leads one to consider systematic methods which can give explicit formulas for the first integrals of involutive systems of vector fields.
These are also of interest in control theory, where exact linearization of nonlinear systems gives rise to a system of partial differential equations whose solution is sought through Frobenius ~ theorem [5] . Furthermore, one is led to consider symmetries of systems of vector fields in the theory of conditional symmetries [6] . Here we give a systematic account of the construction of integrals of motion for such systems.
We use the notation of modern differential geometry, for which we refer the reader to [7] . In particular, tr~ denotes the interior product of a differential form w by a vector field X. This product has the following properties:
for all forms w, ~2 and p-forms w I and all vector fields X, Y. Furthermore Lx -'dr x + txd.
We use the summation convention.
2. Closed Forms and Jacobi's Last Multiplier. Suppose that we are given a system A = {A1,...,An-p} of vector fields on R , which are in involution and independent over the ring of C ~ functions. Then Frobenius' theorem [7] 
where ( 
Proof.
If the {Xi} are a system of symmetries of A, then F can not have rank less than p. If its rank were less than p, then (at least) one row, say (Xif i, Xif 2 .... ,xifP } would be a linear combination of the other rows.
This would imply that a linear combination of the vector fields X~ ..... Xp would have each of the fi ..... fP as a common integral.
It follows then that the system {A, X } could not be linearly independent, because a linear combination of the Xi, would belong to A. However, the system {A, X} is a linearly independent system of n vector fields on R", and therefore the rows of F are independent.
Hence, F is invertible. On the other hand, the matrix elements Fij depend only on the integrals f~,...,fp if and only if the {Xi} are symmetries of A.
If the matrix (Fij) is invertible, then the system {A, X} must be linearly independent, from the previous argument. Therefore, the {Xi} must be a system of symmetries of the system A. 
